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We study U(1) gauged gravitating compact Q-ball, Q-shell solutions in a nonlinear sigma model
with the target space CPN . The models with odd integer N and a special potential can be param-
eterized by N-th complex scalar fields and they support compact solutions. Implementing the U(1)
gauge field in the model, the behavior of the solutions become complicated than the global model.
Especially, they exhibit branch, i.e., two independent solutions with same shooting parameter. The
energy of the solutions in the first branch behaves as E ∼ Q5/6 for small Q, where Q stands for
the U(1) Noether charge. For the large Q, it gradually deviates from the scaling E ∼ Q5/6 and,
for the Q-shells it is E ∼ Q7/6, which forms the second branch. A coupling with gravity allows
for harboring of the Schwarzschild black holes for the Q-shell solutions, forming the charged boson
shells. The space-time then consist of a charged black hole in the interior of the shell, surrounded
by a Q-shell, and the outside becomes a Reissner-Nordström space-time. These solutions inherit the
scaling behavior of the flat space-time.
I. INTRODUCTION
A complex scalar field theory with some self-interactions
has stationary soliton solutions called Q-balls [1–4]. Q-balls
have attracted much attention in the studies of evolution of
the early Universe [5, 6]. In supersymmetric extensions of the
standard model, Q-balls appear as the scalar superpartners
of baryons or leptons forming coherent states with baryon
or lepton number. They may survive as a major ingredient
of dark matter [7–9]. The U(1) invariance of the scalar field
leads to the conserved charge Q which, if the theory is coupled
with the electromagnetism it identifies as the electric charge
of the constituents.
Our analysis is based on the model defined in 3+1 dimen-
sions and it has the Lagrangian density
L = −M
2
2
Tr(X−1∂µX)
2 − µ2V (X), (1)
where the ‘V-shaped’ potential
V (X) =
1
2
[Tr(I −X)]1/2 (2)
is employed for constructing the compact solutions. The be-
havior of fields at the outer border of compacton implies X →
I . The coupling constantsM , µ have dimensions of (length)−1
and (length)−2, respectively. The principal variable X suc-
cessfully parameterizes the coset space SU(N + 1)/U(N) ∼
CPN . The principal variable parametrized by complex fields
ui takes the form
X(g) =
(
IN×N 0
0 −1
)
+
2
ϑ2
( −u⊗ u† iu
iu† 1
)
(3)
where ϑ :=
√
1 + u† · u. Thus the CPN Lagrangian of the
model (6) takes the form
LCPN = −M2gµν τ˜νµ − µ2V (4)
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where
τ˜νµ = − 4
ϑ4
∂µu
† ·∆2 · ∂νu, ∆2ij := ϑ2δij − uiu∗j . (5)
The model possesses the compactons [10] and also the com-
pact boson stars [11]. Compactons are field configurations
that exist on finite size supports. Outside this support, the
field is identically zero. For example, the signum-Gordon
model; i.e., the scalar field model with standard kinetic terms
and V-shaped potential gives rise to such solutions [12, 13].
Interestingly, when the scalar field is coupled with electro-
magnetism, the structure changes drastically.
Maxwell gauged solitons of non-linear sigma model have
been studied in many years. The gauged O(3) model [14],
the baby-skyrmions [15, 16] and the magnetic skyrmions [17],
CP 1 model [18] are well-known examples. For CPN , N > 1,
there is a work for a CP 2 of Maxwell gauged model [19].
Q-balls resulting from local U(1) symmetry are studied in
the literature [20–28]. Such Q-balls may be unstable for large
values of their charge because of the repulsion mediated by the
gauge force and the fermions or the scalar fields with opposite
charge may reduce such repulsions [21].
In the case of the compactons, when the scalar field is cou-
pled with electromagnetism then the inner radius emerges,
i.e., the scalar field vanishes also in the central region r < Rin.
Thus, the matter field exists in the region Rin ≦ r ≦ Rout.
Such configurations of fields are called Q-shells. Such shell
solutions have no restrictions on upper bound for |Q|. The
authors claim that the energy of compact Q-balls scales as
∼ Q5/6 and of Q-shells for large Q as ∼ Q7/6. It clearly indi-
cates that the Q-balls are stable against the decay while the
Q-shells may be unstable.
Boson stars are the gravitating objects of such Q-balls.
There are large number of articles concerning the boson stars
[5, 29–33]. For the compact boson stars and shells of U(1)
gauged model are studied in [34–36]. For the boson shell
configurations, one possibility is the case that the gravitat-
ing boson shells surround a flat Minkowski-like interior region
r < Rin while the exterior region r > Rout is the exterior of an
Reissner-Nordström solution. Another and even more inter-
esting possibility are the existence of the charged black hole
in the interior region. The gravitating boson shells can harbor
a black hole. Since the black hole is surrounded by a shell of
scalar fields, such fields outside of the event horizon may be
2interpreted as a scalar hair. Such possibility has been consid-
ered as contradiction of the no-hair conjecture. The higher
dimensional generalizations have been considered in [37, 38].
The excited boson stars are very important not only of
the theoretical interest and also for astrophysical observa-
tions [39–43]. The multistate boson stars which is superposed
ground and excited states boson star solutions are considered
for obtaining realistic rotation curves of spiral galaxies [40].
The authors of [42, 43] proposed boson star solutions for a col-
lection of an arbitrary odd number N of complex scalar fields
with an internal symmetry U(N). They are new excited so-
lutions with angular momentum ℓ so is dubbed as ℓ−boson
stars. Our CPN boson-stars share many common features
with them.
In this paper, we explore the U(1) gauged the gravitat-
ing boson-shells. Properties of the harbor type solutions are
also discussed. Especially we examine detailed energy scaling
property about the ∼ Q5/6 behavior for the gravitating, or
the harbor type solutions.
The paper is organized as follows. In Section II we shall
describe the model, coupled to the gravitation. Ansatz for
the parametrization of the CPN field is given in this section.
Section III is analysis of in the flat space-time, i.e., Q-balls
and Q-shells. We give the gravitation solutions in Section
IV. Scaling relation between the energy and the charge in the
boson-stars and -shells are discussed in Section V. Conclusions
and remarks are presented in the last Section.
II. THE MODEL
A. The action, the equations of motion
We start with the action of self-gravitating complex fields
ui coupled to Einstein gravity
S =
∫
d4x
√−g
[
R
16πG
− 1
4
gµλgνσFµνFλσ
−M2gµντνµ − µ2V
]
, (6)
τνµ = − 4
ϑ4
Dµu
† ·∆2 ·Dνu, ∆2ij := ϑ2δij − uiu∗j . (7)
where G is Newton’s gravitational constant. Fµν is the stan-
dard electromagnetic field tensor and the complex fields ui
also are minimally coupled to the Abelian gauge fields Aµ
through Dµ = ∂µ − ieAµ.
The variation of the action with respect to the metric leads
to Einstein’s equations
Gµν = 8πGTµν , where Gµν ≡ Rµν − 1
2
gµνR (8)
where the stress-energy tensor reads
Tµν = gµν(M
2gλστσλ +
1
4
gλσgηδFληFσδ + µ
2V )
−2M2τνµ − gλσFµλFνσ . (9)
The field equations of the complex fields are obtained by vari-
ation of the Lagrangian with respect to u∗i
1√−gDµ(
√−gDµui)− 2
ϑ2
(u† ·Dµu)Dµui
+
µ2
4M2
ϑ2
N∑
k=1
[
(δik + uiu
∗
k)
∂V
∂u∗k
]
= 0 . (10)
The Maxwell’s equations read
1√−g ∂ν(
√−gF νµ) = 4ie
ϑ4
M2(u† ·Dµu−Dµu† · u) . (11)
It is convenient to introduce the dimensionless coordinates
xµ → µ
M
xµ (12)
and also Aµ → µ/MAµ. We also restrict N to be odd, i.e.,
N := 2n+ 1. For solutions with vanishing magnetic field the
ansatz has the form
um(t, r, θ, ϕ) =
√
4π
2n+ 1
f(r)Ynm(θ, ϕ)e
iωt , (13)
Aµ(t, r, θ, ϕ)dx
µ = At(r)dt (14)
allows for reduction of the partial differential equations
to the system of radial ordinary differential equations.
Ynm,−n ≤ m ≤ n are the standard spherical harmon-
ics and f(r) is the profile function. Each 2n + 1 field
u = (um) = (u−n, u−n+1, · · · , un−1, un) is associated with
one of 2n + 1 spherical harmonics for given n. The relation∑n
m=−n Y
∗
nm(θ, ϕ)Ynm(θ, ϕ) =
2n+ 1
4π
is very useful for ob-
taining an explicit form of many inner products. We introduce
a new gauge field concerning the gauge field for convenience
b(r) := ω − eAt(r) . (15)
Using the ansatz we find the dimensionless Lagrangian of
the CPN model in the form
L˜CPN = −
κ
4
gµλgνσFµνFλσ − gνµτνµ − V
=
κb′2
2A2e2
+
4b2f2
A2C(1 + f2)2
− 4Cf
′2
(1 + f2)2
− 4n(n+ 1)f
2
r2(1 + f2)
− V
(16)
where we have introduced a dimensionless constant κ :=
µ2/M4 for convenience.
There is a symmetry b → −b, i.e., ω → −ω, eAt → −eAt
in (16), so one can simply assume that ω ≧ 0 [20]. In this
paper, we shall not adopt the above symmetry and examine
the case with both signs of ω. We shall see that our obtained
solutions always satisfy b > 0, and the Noether charge is
positive definite.
For the ansatz (13)-(15), a suitable form of line element is
the standard spherically symmetric Schwarzschild-like coor-
dinates defined by
ds2 = gµνdx
µdxν
= A2(r)C(r)dt2 − 1
C(r)
dr2 − r2(dθ2 + sin2 θdϕ2) . (17)
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FIG. 1. The gauged Q-ball solution for the CP 1 case. Top Left: The matter profile function f(r) of the first branch. Top
Right: The gauge function b(r) of the first branch. Bottom Left: The matter profile function f(r) of the second branch. Bottom
Right: The gauge function b(r) of the second branch. Solutions of the first branch are plotted with bold line and the second
branch are plotted with dot-dashed line. Solutions of the vacuum equations are depicted with the dashed line. Distinct curves
correspond with different values of shooting parameter b0.
Substituting (17) and (13)-(15) into the Einstein field equa-
tions (8), we get their components
(tt) :
[r(1− C)]′
r2
= α
[ 4b2f2
A2C(1 + f2)2
+
4Cf ′2
(1 + f2)2
+
4n(n+ 1)f2
r2(1 + f2)
+
κb′2
2e2A2
+
f√
1 + f2
]
,
(18)
(rr) :
2rCA′ − A[r(1−C)]′
r2A
= α
[ 4b2f2
A2C(1 + f2)2
+
4Cf ′2
(1 + f2)2
− 4n(n+ 1)f
2
r2(1 + f2)
− κb
′2
2A2e2
− f√
1 + f2
]
,
(19)
(θθ) :
3rA′C′ + 2C(A′ + rA′′) +A(2C′ + rC′′)
2rA
= α
[ 4b2f2
A2C(1 + f2)2
− 4Cf
′2
(1 + f2)2
+
κb′2
2A2e2
− f√
1 + f2
]
,
(20)
where α is a dimensionless coupling constant concerning to
the gravity
α := 8πGµ2. (21)
From (18),(19) one can construct the equations of motion of
A(r), C(r)
A′ = 4αr
[ b2f2
A2C2(1 + f2)2
+
f ′2
(1 + f2)2
]
, (22)
C′ =
1− C
r
− αr
[ 4b2f2
A2C(1 + f2)2
+
4Cf ′2
(1 + f2)2
+
4n(n+ 1)f2
(1 + f2)r2
+
κb′2
2A2e2
+
f√
1 + f2
]
. (23)
Plugging the ansatz (13)-(15) into the matter field equation
(10) and the Maxwell’s equations (11), we have
Cf ′′ + C′f ′ +
A′Cf ′
A
+
2C
r
f ′ − n(n+ 1)f
r2
+
(1− f2)b2f
A2C(1 + f2)
− 2Cff
′2
(1 + f2)
− 1
8
√
1 + f2 = 0 , (24)
κb′′ +
2r′A− A′r
Ar
κb′ − 8e
2
C
bf2
(1 + f2)2
= 0 . (25)
Thus, we solve a four coupled equations (22)-(25) varying
the parameters α with fixed κ, e (in this paper we simply set
κ = e = 1).
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FIG. 2. The gauged Q-shell solution for the CP 11 case. Top Left: The matter profile function f(r) of the first branch. Top
Right: The gauge function b(r) of the first branch. Bottom Left: The matter profile function f(r) of the second branch. Bottom
Right: The gauge function b(r) of the second branch. Solutions of the first branch are plotted with bold line and the second
branch are plotted with dot-dashed line. Solutions of the vacuum equations are depicted with the dashed line. Distinct curves
correspond with different values of shooting parameter b0.
The dimensionless Hamiltonian of the model are easily ob-
tained
HCPN =
∂L˜CPN
∂(∂0u∗i )
∂0u
∗
i +
∂L˜CPN
∂(∂0ui)
∂0ui − L˜CPN
=
8ωbf2
A2C(1 + f2)2
− κb
′2
2A2e2
− 4b
2f2
A2C(1 + f2)2
+
4Cf ′2
(1 + f2)2
+
4n(n+ 1)f2
r2(1 + f2)
+ V . (26)
The total energy is thus given by
E = 4π
∫
r2dr
[
κb′2
2Ae2
+
4b2f2
AC(1 + f2)2
+
4ACf ′2
(1 + f2)2
+
4An(n+ 1)f2
r2(1 + f2)
+AV
]
. (27)
B. The Noether charge
The symmetry of the matter field is SU(N) ⊗ U(1). Since
it contains the U(1)N symmetry subgroup then following the
reference [19] we consider a covariant derivative for the CPN
field
Dµui = ∂µui − ieAµQijuj (28)
where Qij is some real diagonal matrix: Qij =
diag(q1, · · · , qN ). The action (6) with the covariant deriva-
tive is invariant under following local U(1)N symmetry
Aµ(x)→ Aµ(x) + e−1∂µΛ(x)
ui → exp[iqiΛ(x)]ui, i = 1, · · · , N . (29)
The following Noether current is associated with the invari-
ance of the action (6) under transformations (29)
J(i)µ = −4M
2i
ϑ4
N∑
j=1
[u∗i∆
2
ijDµuj −Dµu∗j∆2jiui] . (30)
Using the ansatz (13),(14) we find the following form of the
Noether currents
J
(m)
t =
(n−m)!
(n+m)!
8bf2
(1 + f2)2
(
Pmn (cos θ)
)2
, (31)
J(m)ϕ =
(n−m)!
(n+m)!
8mf2
(1 + f2)2
(
Pmn (cos θ)
)2
(32)
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FIG. 3. A relation between shooting parameter b0 and frequency ω for CP
1 (blue) and CP 11 (green). The dots correspond to
solutions with different ω of the first branch and the triangles are of the second branch.
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FIG. 4. Left: The relation between E−1/5 and Q−1/6 for several gauged solutions. Right: The same as the left one but the plot
is enlarged in region of high Q,E. The dots correspond to solutions of first branch. The triangles are of the second branch.
and J
(m)
r = J
(m)
θ = 0 for m = −n,−n+ 1, · · · , n− 1, n. The
conservation of currents is explicit after writing the continuity
equation in the form
1√−g ∂µ(
√−ggµνJ(m)ν ) = 1A2C ∂tJ
(m)
t +
1
r2 sin2 θ
∂ϕJ
(m)
ϕ = 0
(33)
Therefore, the corresponding Noether charge is
Q(m) =
1
2
∫
R3
d3x
√−g 1
A2C
J
(m)
t (x)
=
16π
2n+ 1
∫
r2dr
bf2
AC(1 + f2)2
. (34)
Owing to our ansatz, the charge does not depend on indexm,
which means the symmetry of the solutions is reduced to the
U(1). However, we shall keep the index for completeness.
The spatial components of the Noether currents do not con-
tribute to the charges; however, they can be used to introduce
some auxiliary integrals [11]
q(m) =
3
2
∫
d3x
√−g J
(m)
ϕ (x)
r2
=
48πm
2n+ 1
∫ ∞
0
dr
Af2
1 + f2
. (35)
As in the case of the gauged Q-balls [20], and also in the
compactons [13], the total energy of our gauged model can
be expressed using these Noether charges. For the Q-shells,
the function f(r) vanishes for r < Rin and r > Rout, so the
Noether charge Q(m) is
Q(m) =
16π
2n+ 1
∫ Rout
Rin
r2dr
bf2
AC(1 + f2)2
. (36)
The equation (25) is written in the compact form
κ
(
r2
b′
A
)′
=
8e2r2
AC
bf2
(1 + f2)2
. (37)
A single integration gives expression
b′(r) =
1
r2
8e2A(r)
κ
∫ r
0
r′2dr′
b(r′)f(r′)2
A(r′)C(r′)(1 + f(r′)2)2
(38)
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which implies that the function b(r) is a monotonically in-
creasing function. Therefore, for sufficiently large r (> Rout),
b′(r) = Q¯/r2 (Q¯ > 0), where
Q¯ ≡ 8e
2A
κ
∫ Rout
Rin
r2dr
bf2
AC(1 + f2)2
=
e2A(2n+ 1)
2πκ
Q(m)
(39)
where we have used the boundary condition: A(∞) ≡ 1. Thus
we obtain b(r) for large r
b(r) = ω − Q¯
r
. (40)
At behaves as At = Q¯/er for large r and therefore it can
be interpreted as the Coulomb potential of the spherically
symmetric charge distribution in the compact region. Second
term of the right-hand side of (27) can be evaluated by the
partial integration
1
2
∫
r2dr
κb′2
Ae2
=
κ
2
[
r2
b′b
Ae2
]∞
0
− κ
2
∫
drb
(
r2
b′
Ae2
)′
=
κ
2
(
r2
b′b
Ae2
)∣∣∣∣
r→∞
− 1
2
∫
dr
8r2
AC
b2f2
(1 + f2)2
. (41)
where we have used (37). The first term of the right hand side
can be evaluated with (39) and with the asymptotic behavior
of b (40)
r2
b′b
Ae2
∣∣∣∣
r→∞
= r2
1
A2e2
ω
(
Q¯
r2
)
= ω
(2n+ 1)
2πκ
Q(m) (42)
As a result, we obtain the total energy for large r of the form
E =
n∑
m=−n
(ωQ(m) +mq(m)) + 4π
∫
r2drA
(
4Cf ′2
(1 + f2)2
+ V
)
.
(43)
This form is similar of the non-gauged case [11].
For the full understanding of the gauged Q-ball boson stars,
we need to know E as function of Q. Only limited cases such
like a thin-wall approximation of the model in a flat space-
time might be possible, but for the gravitating case, we have
to rely on the numerical analysis.
C. The boundary behavior of solutions
We examine behavior of solutions at the boundary, which
means that we mainly look at the origin r = 0 and the bor-
der(s) of the compacton. First, we consider expansion at the
origin and so the solution is represented by series
f(r) =
∞∑
k=0
fkr
k , b(r) =
∞∑
k=0
bkr
k ,
A(r) =
∞∑
k=0
Akr
k , C(r) =
∞∑
k=−2
Ckr
k . (44)
After substituting these expressions into equations (22), (23),
(24),(25) one requires vanishing of equations in all orders of
expansion. It allows us to determinate the coefficients of ex-
pansion. The form is given for each value of parameter n. For
n = 0 it reads
f(r) = f0 +
1
48
(√
1 + f20 −
8f0(1− f20 )b20
A20(1 + f
2
0 )
)
r2 +O(r4) ,
b(r) = b0 +
4e2b20f
2
0
3(1 + f20 )
2
r2 +O(r4) , (45)
A(r) = A0 +
2αf20 b
2
0
A0(1 + f20 )
2
r2 +O(r4) , (46)
C(r) = 1− α
3
(
f0√
1 + f0
+
4f20 b
2
0
A20(1 + f
2
0 )
2
)
r2 +O(r4)
where f0, b0 and A0 are free parameters. For n = 1 we obtain
f(r) = f1r +
1
32
r2 +
1
10
(
2f31 (1 + 6α) − f1b
2
0
A20
)
r3 +O(r4) ,
b(r) = b0 +
2
5
e2f21 b0r
4 +O(r5) , (47)
A(r) = A0 + αA0f
2
1 r
2 +
1
6
αA0f1r
3 +O(r4) , (48)
C(r) = 1− 4αf21 r2 − αf12 r
3 +O(r4)
with free parameters f1, b0 and A0.
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FIG. 6. The gauged gravitating Q-ball solution for the CP 1. The parameter b0 is fixed as b0 = 0.7627. Top left: The matter
profile function f(r). Top right: The gauge function b(r). Bottom left: The metric function A(r). Bottom Right: The metric
function C(r). Solutions of the first branch are plotted with bold line and the second branch are plotted with dot-dashed
line. Solutions of the vacuum equations are depicted with the dashed line. Distinct curves correspond with different values of
coupling constant α.
For n ≧ 2 we have no nontrivial solutions at the vicinity of
the origin r = 0, then the solution has to be identically zero.
In order to get nontrivial solution, we consider a possibility
that the solution does not vanish only inside the shell hav-
ing radial support r ∈ (Rin, Rout). Solutions of this kind are
called Q-shells. We study expansion at the sphere with an
inner or an outer radius. Expansions at both borders of the
compacton are very similar. We impose the following bound-
ary conditions at the compacton radius r = R (≡ Rin, Rout)
f(R) = 0, f ′(R) = 0, A(R) = 1 . (49)
The functions f(r), b(r), A(r) and C(r) are represented by
series
f(r) =
∞∑
k=2
Fk(R − r)k, b(r) =
∞∑
k=0
Bk(R − r)k,
A(r) =
∞∑
k=0
Ak(R− k)k, C(r) =
∞∑
k=−2
Ck(R − r)k. (50)
First few terms have the form
f(r) =
R
16C0
(R − r)2 + R
24C20
(R− r)3 +O((R − r)4) ,
b(r) = B0 +B1(R− r)− B1
R
(R − r)2 + B1
3R2
(R − r)3
+O((R− r)4) ,
A(r) = A0 − αR
48C20
(R− r)3 +O((R − r)4) , (51)
C(r) = C0 +
1− C0
R
(R − r)
+
{(
C0 − 1
)
1
R20
− 5αB
2
1
4A20e
2
}
(R − r)2
+O((R− r)3) .
For electrically charged black hole solutions in the interior
of the shell, we impose the boundary conditions for the func-
tions b(r), C(r) at the inner radius r = Rin
C(Rin) = 1− 2MH
Rin
+
Q2H
R2in
,
b(Rin) = b0 − Bc
Rin
, b′(Rin) =
Bc
R2in
(52)
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FIG. 7. The gauged gravitating Q-shell solution for the CP 11. The parameter b0 is fixed as b0 = 1.657. Top left: The matter
profile function f(r). Top right: The gauge function b(r). Bottom left: The metric function A(r). Bottom right: and the metric
function C(r). Solutions of the first branch are plotted with bold line and the second branch are plotted with dot-dashed
line. Solutions of the vacuum equations are depicted with the dashed line. Distinct curves correspond with different values of
coupling constant α.
where
MH =
1
2
(
rH +
Q2H
rH
)
, Bc =
QHA0e
√
2√
α
(53)
and QH is the horizon charge.
III. THE SOLUTIONS IN THE FLAT
SPACE-TIME
We begin with the numerical analysis of Q-balls and Q-
shells in flat space-time. We solve the coupled differential
equations (24),(25) by a shooting method. According to (46)
and (48), the solutions with n = 0, 1 are regular at the origin
and then they are Q-ball type solutions. The solution of n = 0
is plotted in Fig.1. The profile functions f(r) are nonzero at
the origin and monotonically approach zero of the compaction
radius, which is similar behavior with the non-gauged solu-
tion discussed in [11]. We have two independent shooting
parameters f0, b0, and for the moment we fix b0 and varies f0
for finding solutions. The value of the ω is depicted via the
asymptotic behavior of the numerical solution of b(r), which
obeys (40). A notable feature of our solutions is that there
is a branch, i.e., two independent solutions with equal values
of shooting parameter, which exhibits a notable difference for
varying ω. In Fig.1 we present the typical behavior. The solu-
tions in the first branch (the bold lines) exhibit the lump like
shape, i.e., the peaked at the origin. For smaller the shooting
parameters b0, the solutions f(r) grow. On the other hand,
the solutions in the second branch (the dot-dashed lines) have
a dip, i.e., the peaks are located outside, not at the origin.
They merge with b0 = 0.7627. Interestingly, some of the
solutions in the first branch (b0 = 0.7627 and 0.80) look in-
terpolating between the branches. The solutions of the first
branch and the second branch smoothly connect via these
intermediate solutions.
As we posed in the previous section, the solutions are not
regular at the origin for n ≧ 2, then leads to the Q-shells,
i.e., the matter field is localized in the radial segment r ∈
(Rin, Rout) and the gauge field b(r) is of a constant at the
interior region r < Rin and of the asymptotic solution (40)
at the exterior r > Rout. Some typical solutions are shown
in Fig.2. Similar with the cases of the Q-balls, we obtain the
solutions with branch which are merged at b0 = 1.657. The
peak of the solutions moves outside as ω grows. Especially
the second branch solutions rapidly expand as increasing ω.
In Fig.3, we plot the relation between the shooting parameter
b0 and the corresponding frequency ω for CP
1 and CP 11.
For the stability of the Q-balls, we examine the energy-
Noether charge scaling relation. In the studies for the global
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FIG. 8. Left: The relation between E−1/5 and Q−1/6 for several gauged solutions. Right: The same as the left one but the
plot is enlarged in region of high Q,E. The parameter α = 0.001. The dots correspond to solutions with ω of the first branch.
The triangles are of the second branch.
model, it was shown that the relation E ∼ Q5/6 are strictly
holds for the solutions in flat space-time [10] and for several
gravitating solutions [11]. Thus, it is natural to investigate
the relation between E−1/5 and Q−1/6 in the present model.
In Fig.4, we plot the relation for n = 0, 1, 2, 5, 10, 25, 50. The
dots indicate the solutions with different frequency ω. In each
n, most of the points lie on the straight line with certain
good accuracy. However, the data deviates from the linearity
especially for larger Q or E, and indicates for large Q the
energy scales different from ∼ Q5/6. Fig.5 are analysis of the
relation between Q and E for CP 1 and CP 11, where the data
is depicted from result of Fig.4, which are compared to the
dotted lines E = β−1/5Q. The coefficient β are extracted from
the slope in Fig.4, i.e., E−1/5 = βQ−1/6. For the Q-ball, the
energy is lower than the linear behavior. TheQ-shell solutions
have the energy enhanced than the linearity. We study a
power law of the scaling with numerically fitting the data for
the second branch. For the Q-shell, it is 1.176711 ∼ 7/6.
This scaling is in good agreement with the result of Q-shell in
the signum-Gordon model [13]. The Q-ball solution has the
power ∼ 1.2739, higher than 7/6, which is a consequence of
the boundary behavior at the origin. For growing the shooting
parameter, the solutions of the second branch look closer to
the shell shape, but not to become exact because we do not
impose the compact support in the interior. Therefore, the
compactness condition (49) is essential for the scaling Q7/6.
IV. THE GRAVITATING SOLUTIONS
The gravitating Q-balls and Q-shells are obtained by solv-
ing the differential equations (22)-(25) with different n, We
look at dependence of these solutions on the parameter b0, α.
Here we present the numerical results for employing the value
b0 of the vicinity of the bifurcation point, i.e., the point where
the branch merges. In Fig.6, we plot the solution for the
CP 1. In similarity to the flat case the profile function f(r)
has nonzero value at the origin and reaches zero at the com-
pacton radius. We also present the gauge function b(r) and
the metric functions A(r), C(r). A notable feature of the so-
lution is emergence of the second branch when varying the
coupling constant α. As α increases the solution of the first
branch tends to shrink while the second one grows. Fig.7
is the similar plots but for the CP 11. The relation between
E−1/5 and Q−1/6 of the gravitation solutions are presented in
Fig.8.
We are able to consider the Q-shells with a massive body
immersed in their center, which is referred as a harbor.
In particular, there is a possibility of having this body as
a Schwarzschild or a Reissner-Nordström type black-hole
[32, 34–36]. We set the event horizon in the interior part
of the shell and then solve the equations from the event hori-
zon to the outer region. In order to find the harbor solutions,
we follow a few steps. We assume the solution of the vacuum
Einstein equation in the region between the event horizon and
the inner boundary of the shell r ∈ [rh, Rin] because matter
function vanishes in this region. A similar approach is applied
outside the shell r ∈ [Rout,∞). Next, we solve the equations
in the region r ∈ (Rin, Rout) and then smoothly connect the
metric functions with such vacuum solutions at both bound-
aries. We present typical results in Fig.9 for QH = 0.0001.
In Fig.10, we plot E−1/5 - Q−1/6 relation for the harbor
solutions of CP 11 with several values of b0.
V. FURTHER DISCUSSION
A salient feature of our U(1) gauged model is a deviation
from the energy-charge scaling E ∼ Q5/6 for large Q. Phys-
ically, we promptly guess that it is caused by the fact that
the gauge field realizes the repulsive force between the con-
stituents. The situation can be observed from the behavior
of the solutions in Fig.1. At the low density, the solution
behaves as a lump. It begins to deform at the intermediate
region and the solutions of the second branch exhibit more
delocalized, look like the shell structure, which apparently is
effect of the repulsive electric force. In order to see the mech-
anism more qualitatively, we derive the charge density of our
solutions. For simplicity, we employ the solutions of the flat
space-time, but behavior of the gravitating solutions is quite
similar. Thanks to the compactness of the solutions, we di-
rectly compute the volume of the Q-balls or Q-shells with the
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FIG. 9. The harbor solution for CP 11 for a charged black hole. The parameters b0 = 1.657 and α = 0.001. Top left: The matter
profile function f(r). Top right: The gauge function b(r). Bottom left: The metric function A(r). Bottom right: The metric
function C(r). Solutions of the first branch are plotted with bold line and the second branch are plotted with dot-dashed line.
Solutions of the vacuum equations are depicted with the dotted line. The radius of the event horizon is chosen as rH = 1.420.
compacton radius r = Rin, Rout. In Fig.11, we present the
charge density as a function of the shooting parameters b0,
the frequency ω and the charge Q. For the parameters b0
or ω, the density increases with the decrease the parameters
from the large values. Approaching the maximum of the den-
sity, the solutions begin to deform and the density is relaxed.
The solution moves on the second branch and the density
turns to decreasing behavior. For the Q-shells, the energy
scales as Q7/6. For increasing the charge Q, the density also
increases. The repulsive force by the electric interaction is
effectively strong and then the solution deviates from Q5/6
behavior. After reaching the maximum, the solution relaxes
for decreasing the density.
VI. SUMMARY
In this paper, we have considered U(1) gauged CPN non-
linear sigma model with a compact support in flat space-time
and also coupled with gravity. We have obtained the com-
pact Q-ball and Q-shell solutions in the standard shooting
method. The resulting self-gravitating regular solutions form
boson-stars and boson-shells. For the compact Q-shell solu-
tions we put the Schwarzschild like black holes in the interior
and the exterior of the shell became the Reissner-Nordström
space-time which may be a contradiction of the no hair con-
jecture.
In the U(1) gauged model, the energy-charge scaling devi-
ates from the corresponding global model, i.e., E ∼ Q5/6 for
large Q. We discussed why the energy is enhanced for large
Q region in terms of the simple analysis of the charge density.
For large Q, the charge density grows and then the repulsive
force that originates in the electric interaction dominates and
then the solution tends to be unstable.
This paper is the first step for the construction of gravi-
tating Q-balls (-shells) with non-Abelian symmetry SU(2) ⊗
U(1). Q-ball solutions with the symmetry SU(2)⊗ U(1) will
certainly be possible to exist. It is interesting because two
different types of Noether charges corresponding to the sym-
metry have a crucial role in the stabilization of nontopological
solitons. We shall report the results in our forthcoming paper.
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